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In this paper we discuss the instability of harmonic foliations on compact submanifolds
immersed in Euclidean spaces and compact homogeneous spaces. We obtain a suﬃcient
condition for a harmonic foliation to be unstable on compact submanifolds in a Euclidean
space and on compact isotropy irreducible homogeneous spaces. We also classify compact
symmetric spaces which have no non-trivial stable harmonic foliation.
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1. Introduction
In [2] Kamber and Tondeur deﬁned the harmonicity of foliations on a Riemannian manifold and discussed several prop-
erties of harmonic foliations such as curvatures, energy functional, stability and so on. In Takagi and Yorozu [11] the
harmonicity for a foliation on a Lie group was discussed and many examples were given. A foliation F on a Rieman-
nian manifold (N, gN ) is harmonic if the canonical projection π from T N onto the normal bundle Q of the foliation F is
harmonic as a Q -valued 1-form on N . In [1] we proved that all harmonic foliations whose leaves are complex submanifolds
on compact locally conformal Kähler manifolds are stable. This is an analogue of the theorem “a holomorphic map between
two compact Kähler manifolds is stable as a harmonic map”. For example, a Hopf manifold considered as a torus bundle
over projective space is foliated by tori in a natural manner and then the resulting foliation is stable with respect to a
Vaisman metric [1].
In this paper we discuss the instability for harmonic foliations on compact isotropy irreducible homogeneous Riemannian
manifolds or compact submanifolds in a Euclidean space. More precisely, in Theorem 3.6 by using the technique of Law-
son and Simons [5] we actually show a suﬃcient condition for non-trivial harmonic foliations on a compact submanifold
immersed in Euclidean space to be unstable. So its application to the standard sphere implies the result of Kamber and Ton-
deur [4]. Nakagawa and Takagi [7] proved that any harmonic foliation on a compact Riemannian manifold of non-negative
constant sectional curvature whose normal plane ﬁeld is minimal is totally geodesic. Since the minimality of the normal
plane ﬁeld implies the bundle-like property of the metric, this result can sharpen the result of Kamber and Tondeur [4]. We
also prove that if a compact isotropy irreducible homogeneous Riemannian manifold (N, gN) satisﬁes λ1 < 2sdimN , then
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Laplacian and the scalar curvature of gN , respectively. Then the instability of harmonic foliations on N is equivalent to the
non-existence of stable harmonic maps between N and any compact Riemannian manifold (see Theorem 3.8). In particular,
we determine all simply connected compact irreducible symmetric spaces whose non-trivial harmonic foliations are always
unstable (see Theorem 3.9).
This paper is organized as follows. In Section 2, we review the theory of harmonic foliations by Kamber and Tondeur. In
Section 3, we shall show Theorems 3.6, 3.8 and 3.9 on the instability of harmonic foliations.
2. The Jacobi operator and the stability of harmonic foliations
Let (N, gN) be an n-dimensional compact Riemannian manifold with Levi-Civita connection ∇N and let F be a foliation
given by an integrable subbundle L ⊂ T N . We call F trivial if L = T N . We deﬁne a torsion-free connection ∇ on normal
bundle Q = T N/L by
∇X S =
{
π [X, Y S ], for X ∈ Γ (L) and S ∈ Γ (Q ) with Y S = σ(S) ∈ Γ (σ (Q )),
π(∇NX Y S ), for X ∈ Γ (σ (Q )) and S ∈ Γ (Q ) with Y S = σ(S) ∈ Γ (σ (Q )),
(2.1)
where σ : Q → T N is a splitting such that σ(Q ) coincides with the orthogonal complement L⊥ of L in T N with respect
to gN . If the normal bundle Q is equipped with a holonomy invariant ﬁber metric gQ , i.e. XgQ (S, T ) = gQ (∇X S, T ) +
gQ (S,∇X T ) for all X ∈ Γ (T N), then the foliation F is called a Riemannian foliation or an R-foliation. There is a unique
metric gQ for an R-foliation with a torsion free connection ∇ on the normal bundle Q . A Riemannian metric gN on N is
called a bundle-like metric with respect to the foliation F if the foliation becomes an R-foliation in terms of the ﬁber metric
gQ on Q induced from gN .
For a foliation F on a Riemannian manifold (N, gN ), the curvature R∇ of the connection ∇ is an End(Q )-valued 2-form
on N . Since i(X)R∇ = 0 for X ∈ Γ (L) (cf. Kamber and Tondeur [2]), it follows that the curvature operator R∇(S, T ) : Q → Q
for S, T ∈ Γ (Q ) is well-deﬁned. Deﬁne P∇(U , V ) : Q → Q by P∇(U , V )S = −R∇ (U , S)V for all S ∈ Γ (Q ). The Ricci
curvature S∇ for F is then S∇(U , V ) = trace P∇(U , V ) which is a symmetric bilinear form. We deﬁne the Ricci op-
erator ρ∇ : Q → Q as the corresponding self-adjoint operator given by gQ (ρ∇U , V ) = S∇(U , V ), where gQ denotes
the holonomy invariant metric on Q . In terms of an orthonormal basis ep+1, . . . , en of Qx at some x ∈ N , we have
(ρ∇U )x =∑nα=p+1 R∇(U , eα)eα .
Considering the canonical projection π from T N onto Q as an element in Ω1(N, Q ), we have d∇π ∈ Ω2(N, Q ), d∗∇π ∈
C∞(N, Q ), the Laplacian 	 on Ω1(N, Q ) and so forth. Then we have the following fact (Kamber and Tondeur [2, 3.3]).
Fact. Let F be a foliation on a Riemannian manifold (N, gN ). Then the following are equivalent:
(i) π is harmonic form,
(ii) all leaves of the foliation are minimal submanifolds of N .
Suppose that F is an R-foliation, gN is bundle-like, and N is compact and oriented. Then these conditions are equiva-
lent to
(iii) 	π = 0.
A foliation is said to be harmonic if it satisﬁes (i) or (ii) in the above fact.
We next study ﬁrst and second variations of R-foliation F on a compact Riemannian manifold (N, gN ) with bundle-like
metric gN . We deﬁne the energy of the foliation F by
E(F) = 1
2
‖π‖2L2 =
1
2
∫
N
|π |2 dvgN ,
where |π |(x) is the length of π : TxM → Qx with respect to gN and gQ , and dvgN denotes the Riemannian measure of gN .
Let {Uα, f α,γ αβ} be the Haeﬂiger cocycle representing F . Namely, {Uα} is an open cover of N with f α : Uα → Vα ⊂ R
deﬁning F |Uα such that γ αβ are local isometries of a q-dimensional Riemannian manifold R and on Uα ∩Uβ (= ∅) satisfying
f α = γ αβ ◦ f β . Here q denotes the codimension of F . For ν ∈ Γ (Q ), we put
Φαt (x) = exp f α(x)
(
tνα(x)
)
, x ∈ Uα, t ∈ (−ε, ε),
where να = ν|Uα . We then have a variation Φαt of f α = Φα0 , where ε is suﬃciently small. Since Φαt (x) = γ αβ ◦ Φβt (x) on
Uα ∩ Uβ , the local variations {Φαt } deﬁne a variation Ft of the foliation F . Moreover we have
∇ ∂
∂t |t=0
(
Φαt
)
∗ = ∇να ∈ Ω1(Uα, Q ) (2.2)
and the following (Kamber and Tondeur [2, 4.12 Theorem]):
K. Ichikawa, T. Noda / Differential Geometry and its Applications 27 (2009) 119–123 121Fact. For a foliation F on compact oriented Riemannian manifold N with bundle-like gN , it is an extremal of the energy
functional for variations deﬁned above if and only if F is harmonic.
By using a 2-parameter variation Fs,t of F0,0 = F deﬁned locally by using
Φαs,t(x) = exp f α(x)
(
sμα(x) + tνα(x)), x ∈ Uα, s, t ∈ (−ε, ε)
for ν,μ ∈ Γ (Q ), we obtain the second variational formula as follows [1,3]:
∂2
∂s∂t
∣∣∣∣
s=0,t=0
E(Fs,t) =
〈
(	 − ρ∇)ν,μ
〉
L2 + 〈∇ ∂∂s ν,d
∗∇π〉L2 ,
where R∇ and ρ∇ are the curvature and the Ricci operator for Q , respectively. For a harmonic foliation F , we have
∂2
∂s∂t
∣∣∣∣
s=0,t=0
E(Fs,t) =
〈
(	 − ρ∇)μ,ν
〉
L2 = 〈J∇μ,ν〉L2 , (2.3)
where J∇ = 	 − ρ∇ is the Jacobi operator of F . Note that the Jacobi operator J∇ is a self-adjoint and strongly el-
liptic with real eigenvalues λ1 < λ2 < · · · < λi < · · · → ∞ as i → ∞. Here the dimension of each eigenspace Vλ(F) =
{ν ∈ Γ (Q ); J∇ν = λν} is ﬁnite, i.e. dim Vλ(F) < ∞.
Deﬁnition. The index of a harmonic foliatrion F is deﬁned by
index(F) =
∑
λi<0
dim Vλi (F)
and a harmonic foliation F is said to be stable if index(F) = 0, i.e. 〈J∇ν,ν〉L2  0 for all ν ∈ Γ (Q ).
3. Instability of harmonic foliations
In this section, we discuss the instability of harmonic foliations on Riemannian manifolds. Let (N, gN) be a Riemannian
manifold. By the Weitzenböck formula we have 	π = ∇∗∇π + S(π), where by using a local orthonormal frame {e1, . . . , en}
of T N , we express them as
∇∗∇π = −
n∑
i=1
(∇2ei ,eiπ) and S(π)(X) =
n∑
i=1
{
R∇(ei, X)π(ei) − π
(
RN (ei, X)ei
)}
for all X ∈ Γ (T N). Here R∇ and RN denote the curvature tensors associated to ∇ and ∇N , respectively. We then have
	π = ∇∗∇π − ρ	 · π + π · ρN , (3.1)
because of
S(π)(X) = −
n∑
i=p+1
R∇
(
π(X), ei
)
ei + π
(
n∑
i=1
RN (X, ei)ei
)
= −(ρ	π(X))+ π(ρN (X)).
Let F be a harmonic foliation on N , i.e., the canonical projection π : T N → Q satisﬁes 	π = 0. Then (3.1) can be expressed
as
ρ∇ · π = ∇∗∇π + π · ρN . (3.2)
On the other hand, by operating the Laplacian on π(X), X ∈ Γ (T N), we obtain
	
(
π(X)
)= d∗∇d∇(π(X))= −
n∑
i=1
∇2ei ,ei
(
π(X)
)
= (∇∗∇)(X) + π(∇N∗∇N X) − 2
n∑
i=1
(∇eiπ)(∇Nei X). (3.3)
By (3.2) and (3.3), J∇(π(X)) = (	 − ρ∇)(π(X)) is written as
J∇
(
π(X)
)= −(π · ρN)(X) + π(∇N∗∇N X) − 2 n∑
i=1
(∇eiπ)(∇Nei X).
Assume that N is a compact submanifold isometrically immersed in the Euclidean space Em with the standard inner product
〈〈, 〉〉. For each vector v in Em , we deﬁne a smooth function f v on N by f v (x) := 〈〈v, x〉〉 for each x ∈ N . We denote by
Ψt , t ∈ R, the ﬂow generated by V = grad f v . Simple computations give us
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〈〈
B(X, Y ), v
〉〉
, (3.4)〈〈
(∇N )2X,Z V , Y
〉〉= −〈〈B(X, Y ), B(Z , V )〉〉+ 〈〈(∇B)(X, Y , Z), v〉〉, (3.5)
where B denotes the second fundamental form for the submanifold N in Em .
Let F be a Riemannian and harmonic foliation on N of codimension q for bundle-like gN . The second variation of the
energy functional E restricted to such variations associates a quadratic form QF on vectors in Em deﬁned by
QF (v) = d
2
dt2
E
(
Ψt(F)
)∣∣
t=0 =
∫
N
gN
(J∇(π(V )),π(V ))dvgN .
We shall now compute the trace Tr(QF ) of QF on Em . By (3.4) and (3.5),
gQ
(J∇(π(V )),π(V ))= −gQ (π(ρN (V )),π(V ))+ n∑
k,l=1
〈〈
B(ek, el), B(ek, V )
〉〉
gQ
(
π(el),π(V )
)
−
n∑
k,l=1
〈〈
(∇B)(ek, el, ek), v
〉〉
gQ
(
π(el),π(V )
)− 2 n∑
k,l=1
〈〈
B(ek, el), v
〉〉
gQ
(
(∇ekπ)(el),π(V )
)
.
Hence by the bundle-like property of gN for F we have
Tr(QF ) =
∫
N
{
−
n∑
k=1
gQ
(
π
(
ρN(ek)
)
,π(ek)
)+ n∑
j,k,l=1
〈〈
B(ek, e j), B(e j, el)
〉〉
gQ
(
π(ek),π(el)
)}
dvgN
=
∫
N
n∑
a=p+1
{ p∑
r=1
〈〈
B(ea, er), B(er, ea)
〉〉− 〈〈ρN (ea), ea〉〉
}
dvgN .
Let η be the mean curvature vector ﬁeld of the submanifold N in Em deﬁned by η = 1n
∑n
A=1 B(eA, eA), where {eA} is an
orthonormal basis of TxN . Then by the equation of Gauss, we obtain
Tr QF =
∫
N
n∑
a=p+1
(
n
〈〈
B(ea, ea), η
〉〉− 2〈〈ρN (ea), ea〉〉)dvgN .
This immediately implies
Theorem 3.6. Let (N, gN ) be an n-dimensional compact submanifold immersed in the Euclidean space Em. If N satisﬁes
n
〈〈
B(u,u), η
〉〉− 2〈〈ρN (u),u〉〉 < 0
for all unit vector u in T N, then every non-trivial Riemannian and harmonic foliation on N with bundle-like gN is unstable.
In the case where N is the standard sphere, the above result was proved by Kamber and Tondeur [4]. This lemma is a
generalization of a result of Ohnita [8] known for harmonic maps. The following is now straightforward from Theorem 3.6.
Corollary 3.7. Let N be an n-dimensional compact minimal submanifold of a unit sphere SN−1(1). If the Ricci curvature SN of N
satisﬁes SN > n/2, then every non-trivial Riemannian and harmonic foliation on N with bundle-like gN is unstable.
It might be of some interest to compare results on the instability of harmonic foliations with that of harmonic maps.
Hence, by combining Corollary 3.7 above with Theorem 4 in [8], we obtain:
Theorem 3.8. Let (N, gN ) be an n-dimensional compact homogeneous Riemannian manifold with the irreducible isotropy represen-
tation. Let λ1 and s denote the ﬁrst eigenvalue of the Laplacian acting on functions and the scalar curvature of (N, gN) respectively.
Then the following conditions are all equivalent:
(1) λ1 < 2s/n;
(2) Every non-trivial Riemannian and harmonic foliation on N with bundle-like gN is unstable;
(3) There exist no non-constant stable harmonic maps from N to Riemannian manifolds;
(4) There exist no non-constant stable harmonic maps from compact Riemannian manifolds to N;
(5) The identity map idN of N onto itself is unstable as a harmonic map.
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to the stability of idN as a harmonic map, (2) implies (5). Since N is an Einstein manifold, from a result of Smith [9] we
have the equivalence (1) ⇔ (5). Hence, it suﬃces to show (1) implies (2), (3) and (4). By virtue of the theorem of Tsunero
Takahashi [10], there exists a minimal immersion ϕ of N into a unit hypersphere Sm−1(1) by an orthonormal basis for the
ﬁrst eigenspace of the Laplacian in such a way that ϕ is an isometric immersion of (N, (λ1/n)gN) into Sm−1(1), so called
the ﬁrst standard minimal immersion. Then the Ricci curvature of (N, (λ1/n)gN ) is equal to s/λ1. If we suppose (1), then by
Corollary 3.7 and Theorem 1 in [8], we obtain (2), (3) and (4). 
Compact irreducible symmetric spaces which satisfy λ1 < 2s/n were determined by Smith [9], Nagano [6] and Ohnita [8].
Thus we obtain
Theorem 3.9. Let (N, gN ) be a compact irreducible symmetric space. Then the following conditions are equivalent:
(1) Any non-trivial Riemannian and harmonic foliation on N with bunde-like gN is unstable.
(2) N is simply connected and is one of the following:
(a) SU(p) (p  2);
(b) Sp(p) (p  2),
(c) SU(2p)/Sp(p) (p  3),
(d) Sn (n 3),
(e) Gp,q(H) = Sp(p + q)/Sp(p) × Sp(q) (p  q 1),
(f) E6/F4 ,
(g) P2(O) = F4/Spin(9).
Applying Theorem 3.6 to the product isometric immersion, we have the following:
Corollary 3.10. If (N, gN ) is a product of simply connected compact irreducible symmetric spaces belonging to the list in (2) of Theo-
rem 3.9, then every non-trivial Riemannian and harmonic foliation on N with bundle-like gN is unstable.
Any Lie subgroup H of a compact Lie group G with dim H < dimG induces a non-trivial totally geodesic foliation
{aH; a ∈ G} on G relative to a bi-invariant Riemannian metric gG , and hence by Theorem 3.9 we see that it is unstable as
a Riemannian and harmonic foliation with bundle-like gG if G = SU(p) or Sp(p).
As shown in [8] there exist compact minimal isoparametric hypersurfaces N in the unit sphere satisfying SN > n/2, and
hence every non-trivial Riemannian and harmonic foliation with bundle-like gN on such a compact minimal isoparametric
hypersurface N is unstable. It is known that the principal distribution of isoparametric hypersurface N in the unit sphere
generates a totally geodesic foliation, and thus particularly it is unstable as a harmonic foliation with bundle-like gN on
such a compact minimal isoparametric hypersurface N .
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